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Findings 

Logistic diffusion is often described as passing through early growth, rapid 
growth, and maturity, but the dates separating these stages, the knees of the 
curve, are defined in different ways across fields. This note brings several 
familiar stage-transition rules for the standard logistic curve into one common 
form. The main point is that each symmetric analytic rule can be written as t_0 
± c/b, where b is the logistic growth-rate parameter and t_0 is the inflection 
date. Equivalently, each rule implies a fixed percentile window of the asymptote 
K. In particular, the rule based on zeros of the third-derivative implies 21.13% 
to 78.87% of K, and the tangent-at-inflection rule implies 11.92% to 88.08% of 
K. A small synthetic example also shows how a free three-segment linear 
regression compares with analytic conventions. This paper clarifies conventions 
that are often conceived of as conceptually distinct. 

1. Questions   
Logistic curves are widely used to describe growth and diffusion in biology, 
infrastructure, and technology studies (Rogers 2003; Marchetti and 
Nakicenovic 1979; Nakicenovic and Grubler 1991; Grubler and Nakicenovic 
1991; Meyer et al. 1999; Meade and Islam 2006; Garrison and Levinson 
2014). In the technology-diffusion literature, a common summary is the 
midpoint together with a duration measure, usually the time from 10% to 
90% of the asymptote (Marchetti and Nakicenovic 1979; Nakicenovic and 
Grubler 1991; Grubler and Nakicenovic 1991; Meyer et al. 1999; Bento and 
Wilson 2016). In other settings, authors use tangent constructions or higher-
derivative characteristic points to identify transitions (knees of the curve) 
from birth to rapid growth, and from rapid growth toward saturation (Passos 
et al. 2012; Rzadkowski et al. 2014). 

Stage-transition rules for sigmoid curves can be classified by the mathematical 
object they use. Convention-based rules select fixed percentiles or fixed offsets 
from the midpoint. Shape-based rules use derivatives or geometric curvature 
of the fitted curve. Estimator-based rules infer breakpoints from piecewise 
regressions, splines, or statistical stopping criteria. Decision-based rules use a 
stopping criterion rather than a geometric landmark. These families can yield 
similar dates in some settings, but they are conceptually distinct because they 
optimise or threshold different quantities. 
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Table 1. Notation 

Symbol Meaning 

logistic growth-rate parameter 

rule-specific half-width constant on the standardised time scale 

asymptote or carrying capacity 

normalised level, 

time 

left and right stage-transition dates 

inflection date 

logistic level at time 

fitted piecewise-linear approximation at time 

standardised time, 

intercept in the segmented model 

baseline slope in the segmented model 

slope changes after  and 

first and second breakpoint dates in the segmented model 

This note brings several familiar rules into one common form to make their 
relationship transparent. The goal is not to introduce a new estimator. It is 
to show that several stage-transition rules used for the standard logistic are 
equivalent to choosing different percentile windows on a standardised time 
scale. 

2. Methods   
The analytic rules considered here represent two common ways of defining 
transition dates, namely a derivative-based rule and a geometric construction, 
while the percentile conventions provide explicit reference windows for 
comparison. Appendix A places these within a broader taxonomy, and 
Appendix B gives the algebra for the closed-form constants. 

Consider the standard logistic function 

where  is the asymptote,  is the growth-rate parameter, and  is the 
inflection date. Define the standardised time coordinate 

and the normalised level 

For the standard logistic, any symmetric stage-transition rule can be written 
as 
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where  is a rule-specific constant on the standardised time scale. The 
corresponding right-side level is 

so the full symmetric percentile window is 

This re-expression is useful because it places different transition conventions 
on the same scale. Once written in this form, apparently different symmetric 
rules differ only in the constant , and therefore in the implied central 
percentile window of the asymptote . 

The closed-form rules considered here are as follows. 

Third-derivative rule   
This rule identifies the two symmetric dates at which the third derivative of 
the logistic is zero. For the standard logistic, that yields 

which corresponds to the percentile window 21.13% to 78.87% of . 

Tangent-at-inflection rule   
This rule draws the tangent line at the inflection point and uses its 
intersections with the lower and upper asymptotes to define the transition 
dates. For the standard logistic, this gives 

which corresponds to the percentile window 11.92% to 88.08% of . 

Percentile conventions   
The standard diffusion-duration convention defines the transition window as 
the period between 10% and 90% of , giving 

Similarly, the commonly used 15% to 85% window implies 

The ‘b’s’ Knees: Logistic Stage-Transition Rules as Percentile Conventions on a Standardised Time Scale

Findings 3



These percentile conventions are included as explicit reference points for 
comparison with the derivative-based and tangent-based rules. 

Illustrative fitted benchmark    
To compare these fixed conventions with an estimated breakpoint method, 
consider the continuous three-segment linear model 

This hinge specification imposes continuity at both breakpoints. The 
estimated breakpoints  are chosen by least squares. Unlike the closed-
form rules above, this fitted benchmark does not imply a universal constant 
 in . Its breakpoints depend on the fitting window, weighting, 

observation grid, and model specification. 

For transparency, the comparison uses one exact synthetic logistic example 
with , , and , observed on the symmetric window 

 at intervals of 0.25 time units. The value of  does not 
affect the breakpoint dates and is chosen arbitrarily. Candidate breakpoints 
are restricted to the observation grid and to specifications leaving at least 
10% of observations in each segment. For each candidate pair, coefficients 
are estimated by ordinary least squares using the hinge basis above. The 
reported breakpoints are the pair that minimise the residual sum of squares. 
The calculation was carried out in Python using a brute-force search with 
numpy.linalg.lstsq. The script used to generate the synthetic example, 
estimate the free segmented-regression breakpoints, and reproduce Figure 1 is 
provided in the Appendix. 

3. Findings   
Figure 1 shows that the segmented-regression breakpoints lie very close to 
the tangent-at-inflection dates and farther from the third-derivative dates. 
The estimated breakpoints are 2006.36 and 2017.61, compared with 2006.29 
and 2017.71 for the tangent rule, 2007.04 and 2016.96 for the 15% to 
85% benchmark, and 2008.24 and 2015.76 for the third-derivative rule. For 
estimation, the segmented fit is left unconstrained, so the fitted piecewise-
linear approximation can fall slightly below zero near the edge of the fitting 
window, or above , even though the logistic curve itself remains bounded 
between 0 and . 

The main result is a compact unification. The common analytic stage-
transition rules for the standard logistic differ only by the constant  in 

. Table 2 reports the implied percentile windows and widths. 

This yields the exact ordering 
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Figure 1. Synthetic logistic example used for the segmented-regression illustration in Table 2, with , 
and . 

Blue shows the logistic curve, orange the fitted continuous three-segment regression, teal the third-derivative, red the tangent-at-
inflection, and maroon the segmented-regression breakpoints. Grey guide lines mark , and the , and  levels 
of . 

Table 2. Equivalent stage-transition estimators and conventions for the standard logistic 

Rule Equivalent window in Width 

Shape-based rules 

Third-derivative 21.13% to 78.87% 

Tangent-at-inflection 11.92% to 88.08% 

Percentile Conventions 

10% to 90% duration 10% to 90% 

15% to 85% duration 15% to 85% 

that is, approximately 

Accordingly, the third-derivative rule defines the narrowest central transition 
window of the four rules shown here, the 15% to 85% benchmark is wider, 
the tangent rule wider again, and the 10% to 90% diffusion-duration measure 
wider still. 

A second implication is interpretive. Rules that are often motivated in 
different ways are analytically equivalent once written on the standardised 
time axis. The third-derivative rule can be read as an implicit 21.13% to 
78.87% convention. The tangent rule can be read as an implicit 11.92% to 
88.08% convention. The 10% to 90% diffusion duration, widely used in the 
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technology-substitution literature, is simply another member of the same 
family (Marchetti and Nakicenovic 1979; Nakicenovic and Grubler 1991; 
Grubler and Nakicenovic 1991; Meyer et al. 1999). 

For the synthetic logistic described in the Methods section, the estimated 
segmented-regression breakpoints are 2006.36 and 2017.61. These are very 
close to the tangent-at-inflection dates, 2006.29 and 2017.71, and farther 
from the 15% to 85% dates, 2007.04 and 2016.96, and from the third-
derivative dates, 2008.24 and 2015.76. In this exact-logistic example, the free 
segmented fit therefore behaves much like the tangent rule. This pattern 
is also geometrically intuitive, because the tangent-at-inflection construction 
gives the best local linear approximation at the point of maximum slope, so a 
piecewise-linear fit to an exact logistic can be expected to gravitate toward it. 

A third implication concerns terminology. In diffusion studies, authors often 
discuss phases such as emergence, rapid growth, and maturity (Rogers 2003; 
Meade and Islam 2006). But the exact dates of the phase boundaries are 
usually not theory-implied. They are convention-implied. For the standard 
logistic, choosing a stage-transition rule is equivalent to choosing a percentile 
window, whether that choice is made explicitly, as in 10% to 90%, or 
implicitly, as in the tangent and third-derivative rules. The 15% to 85% 
benchmark is useful for comparison because it lies between the third-
derivative and tangent rules, but it remains a heuristic reference point. 

Authors using logistic curves should state their transition convention directly 
to make comparisons across studies easier and reduce the risk that different 
percentile conventions are mistaken for substantive disagreement about the 
underlying diffusion process. 
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Appendices  
A. Appendix: A Taxonomy of Logistic Stage-Transition Rules         
Stage-transition rules for logistic and other sigmoid curves can be classified 
by the mathematical object they use. This appendix distinguishes four broad 
families. 

convention-based rules   
Convention-based rules define stage boundaries by fixed locations on the 
fitted curve. These include fixed percentile windows, such as 10% to 90% 
or 15% to 85%, and fixed offsets from the midpoint, such as the tangent-
at-inflection rule. For the standard logistic, these rules can be written in the 
common form 

so they are equivalent to fixed percentile windows of the asymptote. 

shape-based rules   
Shape-based rules use properties of the fitted curve itself. These include the 
inflection point, where , the third-derivative rule, where , 
and higher-order characteristic-point rules. A related but distinct geometric 
family uses extrema of curvature, 

Some shape-based rules reduce neatly to fixed percentile windows for the 
standard logistic, while others do not. In particular, the third-derivative 
rule and the geometric-curvature rule diverge in general because the former 
identifies extrema of , whereas the latter identifies extrema of geometric 
curvature, which depends on both  and . 

estimator-based rules   
Estimator-based rules infer stage boundaries from an auxiliary fitted model 
rather than from a fixed convention on the logistic itself. These include 
segmented regression, spline-based breakpoints, and change-point estimators. 
Such rules do not in general imply a universal constant  in , because 
their results depend on the fitting window, weighting, grid, and model 
constraints. 
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decision-based rules   
Decision-based rules define stage boundaries by a stopping criterion rather 
than by a geometric or algebraic landmark. Examples include rules based on 
the first date at which growth becomes statistically indistinguishable from 
saturation, or the first date at which incremental growth falls below a chosen 
threshold. These rules are often useful in applications, but they are not purely 
structural properties of the fitted logistic. 

B. Appendix: Derivations for the Closed-Form Constants Used in          
the Main Text    
Using the standardised form 

the derivatives with respect to  are 

Because 

the non-trivial zeros of  satisfy 

so 

At the upper root, 

while at the lower root, 

Hence the corresponding standardised times are symmetric, 

which implies 
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At the inflection point, 

so the tangent is 

Setting this equal to  and to  gives 

and therefore 

C. Appendix: Python Script     
This Supplementary Material provides the Python script used to generate the 
synthetic logistic example, estimate the free segmented-regression breakpoints 
by brute-force least-squares search over candidate breakpoint pairs on the 
observation grid, and reproduce Figure 1. 
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supplementary materials 

Python supplement plain text     
Download: https://findingspress.org/article/162369-the-b-s-knees-logistic-stage-transition-rules-as-
percentile-conventions-on-a-standardised-time-scale/attachment/345340.txt 
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